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A simple variational approach 10 the eigenvalue problem of the tram,fer operator i~ proposed. 
After reducing the transfer operator according to the sy mmetries of, the Hamiltonian . the leading 
eigenvalues of the irreducible blocks can be evaluated by elemerHary variational principle~. 
Hence the thermodynamics and a large class of correlation function .. of lattice sy<aems can be 
calculated. Following a natural truncation scheme the results can be improved in a ~ystematic 
way. The high accuracy and the convergence of the method j~ demonstrated by the two
dimensional Ising model. As a first application, the thermodynamics of the two-dimensional Ising 
ferro- and antiferromagnet in an external field is studied . We show how the same method can be 
used to obtain Zero-temper.tture properties of interacting quantum lattice systems. 

1. Introduction 

The transfer operator (TO) theory is one of the most successful methods in 
dealing with the statistical mechanics of classical lattice systems with short 
range interactionst. Formal expressions involving only the eigenvalues and 
the eigenvectors of the TO are easily derived for any macroscopic quantity. 
In general the solution of the TO eigenvalue problem is an extremely difficult 
task, requiring a lot of ingenuity besides a deep knowledge of mathematical 
methods. Therefore, it is a natural attempt to look for general approximate 
methods. Except perhaps some early works') where the TO formalism is used 
to derive exact series expansions it seems that this powerful formalism has 
been used mainly in order to obtain rigorous results . 

If one considers the transfer operator as a quantum operator. a fact 
suggested by the equivalence between different two-dimensional classical 

t The few non·trivial models solved exactly were fir .. t treated using the transfer-malrix 
formalism '·l.J). 
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systems and one-dimensional quantum systemss), one can directly apply the 
rich arsenal of quantum mechanics. 

In this paper we propose to apply the Ritz-variational principle to the TO 
and to its corresponding quantum Hamiltonian. As usual we start in reducing 
the TO in irreducibile blocks with respect to the global and the translational 
symmetry of the classical Hamiltonian. In the corresponding basis it is 
possible to construct trial functions acting on a block with given symmetry 
properties. As a non-trivial consequence one can follow the change of the 
leading eigenvalues as functions of temperature and then one can obtain 
informations about the mechanism of the phase transition and about the order 
parameter correlation length6

•
7
). 

In the calculation of the needed matrix element we have used extensively 
the fact that the eigenvector corresponding to the largest eigenvalues of a 
positive, real, irreducibile matrix is -like the ground state vector in quantum 
mechanics - nodeless8

) and therefore can be exponentiated. The largest 
eigenvalue of the TO is rewritten in a Rayleigh ratio form which can be 
interpreted as the ratio of two partition functions for subsystems of a lower 
dimensionality but with an infinitely long range interaction. 

Using a direct recursion method , recently we had shown'1 that the inter
action strength of these (d - I)-dimensional subsystems is steeply decreasing 
with the interaction range. On this basis we truncate the exact expansion of 
the "ground state vector" according to the range of interaction and consider 
the few short range coupling constants as variational parameters. 

The calculation of the matrix element is therefore reduced to the cal
culation of two effective problems of lower dimensionality and short range 
interaction. The procedure can be repeated until one obtains exactly solvable 
models (e.g. one-dimensional models). 

We show that our trial functions lead to exact results at high and low 
temperatures. The resulting free energy is everywhere an upper bound for the 
exact free energy. 

The method was tested on the 2D Ising model. In a first approximation (2 
variational parameters) the free energy per spin is within 0.3% of Onsager'sl) 
exact result. We compare our internal energy, specific heat and spontaneous 
magnetisation results with the exact results and find a fairly good agreement. 
except very near the critical point. The difficulty near the critical point is that 
our approach violates the isotropy of the corre lation length. For the mag
netisation exponent we obtain {3 = 0.4. ({3exact = ~), quite close to the mean field 
result {3MF = 0.5 . The critical point is Kc = 0.413 compared with the exact 
value 0.4407 . 

In order to have an idea about the convergence of the method we have also 
used a second approximation (4 variational parameters). In the high tem-
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perature region the accuracy of the free energy is strongly increased, and the 
value of the critical point is moved to 0.422. Although every thermodynamic 
function is described better in the second approximation the critical exponent 
of the spontaneous magnetisation is not improved. 

It seems that the systematic construction of trial functions presented below 
leads to better and better free energy and locations of the critical point but the 
correct asymptotic behaviour near the critical point can be obtained only 
taking into account infinitely long intralayer interactions. 

As a first application we present numerical results concerning the ther
modynamics of the two-dimensional Ising ferro- and antiferromagnet in an 
external field. The free energy, internal energy, magnetisation, specific heat 
and susceptibility are calculated at different external field values. The phase 
diagram of the isotropic antiferromagnet fits surprisingly well the probably 
exact result of Muller-Hartmann and Zittartzl~. Sublattice magnetisation and 
susceptibility are also shown for different values of the applied field. 

Finally we briefly show how one can apply the variational method presen
ted here for the calculation of zero-temperature properties of quantum lattice 
systems (section 7). According to the trial function construction scheme 
presented in section 4 the ground state energy of the quantal system is 
expressed as a linear combination of short range correlation functions in a 
classical system with an appropriate Boltzmann-factor. 

2. The transfer operator formalism 

It has been known for a long time that the macroscopic properties of 
classical systems with short range interaction can be related to the eigenvalue 
problem of the so-called transfer operator 11

). Here we summarize only some 
relations needed in the following. The reader is referred to one of the many 
comprehensive papers where the transfers matrix theory is treated in 
detail'·IZ.ll). 

Let us consider a d-dimensional lattice with a classical variable (called spin) 
Si at every lattice point. The variable SI can have discret (Ising-like spin) or 
continuous values as in the n-vector model IS). The lattice is cut in N z (d - 1)

dimensional layers in such a way that only nearest neighbour layers interact: 

N, 

H({s;)) = ? h(IJ.;.lJ.i>I ). .-1 (I) 

where p. denotes the configuration vector of a layer and the coupling con
stants of H include the - (3 = - 1/k.T factor. In what follows. we suppose 
h(IJ. .. lJ.i 'l ) to be symmetric and independent of i. 
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The canonical partition function is: 
N~ N2 

Z = f (IT dl'i) exp 4 h (1';, 1',+,), 
i - 1 r=1 

(2) 

where f dlL denotes the integral (sum) over the configuration space of a layer. 
The transfer operator eigenvalue problem is 

(3) 

where 

is the transfer operator and (3) can be put in a more abstract form 

TII/I.) = A.II/I.)· (4a) 

In the case when h(IL. JL ') is not sy mmetric one must solve also the left side 
eigenvalue problem 

(ofr.I T = A.(M (4b) 

The right and the left side eigenvector of Tare biorthogonal'''2): 

after a suitable normalization . The eqs. (8)-( 12) remain valid after changing 

(1/1.1 to <M 
The transfer matrix elements are defined in the usual way : 

(5) 

Generally one can choose a {4>.(I')} basis in which the elements of the 
transfer matrix are non-negative . Therefore the conditions of the Perron
Frobenius theorem are satisfied8

). As a consequence the eigenvector cor~ 
responding to the largest eigenvalue of (5) has positive values for any layer 
configuration - it is nodeless. 

Denoting by Ao> A, ... and 11/10), 11/1,) ... the eigenvalues and the eigenstates 
of T. respectively. one can easily derive the following relations 13): 

a) The partition function is 

(6) 

where N tis the number of spins of a layer and Nz the total number of layers. 
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In the thermodynamic limit N2~ oo the free energy per spin is: 

I f = N, In Ao = - Flk, TN ,N,. (7) 

b) A general correlation function in the thermodynamic limit has the follow
ing form: 

Sp AB exp H ~ (A;)' , 
« A(";)B(,,. ))) = Sp exp H ="'7' A

o 
(1/101 A 11/1,)(1/1.1 B 11/10). (8) 

Two kinds of correlation functions playa distinguished role , the short range 
or "two-layer" correlation functions and the long range correlation functions. 
The short range correlation functions ca n be expressed as : 

(9) 

The importance of such correlation functions arises from their connection 
with the internal energy - which for isotropic nearest neighbour interaction is : 

_ ( »_ qlN,N,« »_ N U - ( H - 2 S,s; . , = IN , ,u (10) 

(q is the coordination number): with the magnetisation 

(II) 

and more generally with the first derivatives of the free energy with respect to 
the coupling constants of h(", ,, ' ). 

The long range correlation functions are oblained from (8) in the Ik - i l --+ 00 

limit: 

(
A ) '. ;, 

« A(",)A(".») - A: (I/IoIA 11/1.)(1/1. IA 11/10), ( 12) 

where 11/1. ) is the first eigenvector non-orthogonal to All/lo). The corresponding 
correlation length can be defined as6

.
14

) 

( 13) 

Note that according to (9) the knowledge of 11/10) a nd Ao is sufficient for the 
calculation of thermodynamics and of two-layer correlation functions. The 
knowledge of A 1 and ''''I) gives additional information on the long range 
correlation functions and on the correlation length . It may happen, however, 
that the phase transition has a more complicate structure than a simple 
crossing or degeneracy of Ao and AI 14) . In such a situation more eigenvalues 
are needed. 
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3. The reduction of the transfer operator 

We consider classical systems with global symmetries as e.g. the total 
spin-inversion in an 1/2 Ising model without odd interactions or a total 
rotation with an arbitrary a angle for the n-vector model 15

). In this paper only 
the Ising case will be discussed in detail, the generalization to the n-vector 
model is, however, straightforward 16

). 

OUT purpose is to construct an orthogonal basis in which the transfer matrix 
(5) decomposes into irreducible blocks with respect to the global symmetry 
and the translational invariance of the layer-Hamiltonian h(JL, JL '). 

We start by expanding a function of the single s variable as: 

g(s) = L: a"cf>"(s), ( 14) 
" 

in a basis irreducible with respect to an elementary transformation (one spin 
inversion or rotation). In the Ising case (s = ± 1): 

g(s) = a + bs, (l5a) 

while in the Il-vector model t?) (s has n components and unit length) : 

g(s) = g(cos 0) = ~ ZIC~2- '(COS 8), (15b) 

where Ci12
-

t are the Gegenbauer hyperspherical functions and e is the angle 
between s and the I st axis. 

A layer basis is constructed as the direct product of the (15) single spin 
basis: 

( 16) 

and is rearranged according to the irreducible representations of the global 
symmetry. For example in the Ising case a function G depending on a layer 
configuration vector is: 

N, 

G(IL) = ~o ~ a.,", . ". s.,s. , . .. s. •. (17) 

Then we have an expansion according to all possible 2N, spin products. The 
irreducible representations of the total spin inversion correspond to even and 
odd products, respectively. 

If G(I1-) is translational invariant 
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where .4, = a i - at- After the Fourier transformation: 
N, , 

.1. = 2 A~~~l . .:i. exp(21T ia.kIN.) _ _ 0 

and 

' . exp( - 21T ia ,kl N,) , 

any block of the transfer matrix written in this basis will be characterized by 
its global symmetry quantum number(s) and by the value of the quasi
momentum. 

Generally the leading eigenvalue "\0 of the transfer matrix comes from the 
block with minimal quantum numbers , called the ground state block in the 
following. A phase transition occurs when "\0 is degenerated (or crossed) by 
another A OP eigenvalue or eigenvalues coming from a different block, called 
the order parameter block. In the low temperature region ("\0 = A op) a quantity 
with matrix elements between the ground state and the order parameter 
blocks has a non-zero average value but vanishes when Ao > A OP (high 
temperature region). Generally the simplest quantity with such properties is 
called the order parameter"). 

In many systems the nature of the symmetry breaking is well known. In this 
case one can construct trial function s acting on the common subspace of the 
ground state and the order parameter blocks. The components of the trial 
function corresponding to the order parameter symmetry are zero if Ao > A OP 

(T > T,) but non-zero when Ao ~ A OP (T < T,). 

4. A variational method 

The variational method is one of the basic approaches of physics. It was 
applied with success to many problems also in statistical mechanics l~. Actu
ally the self-consistent and the mean-field like approaches are variational 
approaches. 

There are two difficulties in any variational approximation: firstly one has to 
motivate the choice of a special form for the trial function by physical and 
numerical (or self-(;onsistency) arguments and secondly one must calculate 
the matrix element needed. The differences between variational methods arise 
just from these two points. 

After the reduction of the transfer operator we use the Perron-Frobenius 
theorem to rewrite the ground-state vector in an exponentiated form: 

11/10) ~ expl4>o). (18) 
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Therefore 

A
o 

= (1/10 T 1/10) 
(1/10 1/10) 

= J d" J d,, ' exp!4>.,(,,)+ h(".,,') + 4>.,( ,, ' )]1 J d" exp 24>0(,,) 

:= z (n) I Z(d). (19) 

Eq. (19) can be interpreted as the ratio of two different partition functions: the 
numerator problem is a two-layer problem with the effective Hamiltonia n: 

H ~'iI = 4>.,(,,) + h(", ,, ') + 4>.,(,, '). 

while the denominator problem is a single layer problem with : 

m".i = 24>.,(,,). 

(20a) 

(20b) 

Using the expansion ( 17) it is easy to see that 4>0 contains all possible even . 
translational invariant intralayer spin products, so that the Hamiltonians (20) 
have also infinite long range interaction terms. A simple calculation shows 
that any two-layer correlation function leq . (9)] can be expressed as: 

1 (4) i!''IA T,o'l4>hO
') 

«A(" .. " .. ,») = A&o) (4)&0) 14>&0» (21) 

where A~n) and IcPbn) denotes the largest eigenvalue and the corresponding 
eigenvector of the numerator problem transfer matrix T (nl. Strictly speaking 
the transfer operator method cannot be applied to the systems (20a-b) 
because their long interaction range and the relation (~I) is purely formal. 
However. it will be very useful within our approximation. 

Now let us rearrange the sum over all possible products of intralayer spins 
in ct>oC,p.} according to their interaction range. In the two-dimensional Ising 
model. for example. it looks like 

ct>rA I-L) = A I L S,S;"'1 + A2 L S,S,+2 + AlL S,S,+l 

(22) 

Our approximation consists in truncating the exact expansion (22) and 
considering the coupling constants of the few terms retained as variational 
parameters to maximize the Rayleigh ratio 

(23) 
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The necessary condition to get a maximum is 

(24) 

for all A. or 

/ / IT 5,)) = / / IT 5.)) . \ \ EA n \ \ e", d (25) 

where n. EA. Si is the product associated to a given A coupling constant and 
« »" « »d denotes an average according to the truncated form of (20a) and 
(20b) Hamiltonians, respectively. 

Since we have taken into account only the short range part of the effective 
Hamiltonians (20) it is possible to repeat the whole procedure separately for 
the numerator and the denominator problem . Therefore the dimension of the 

problem can be reduced until one arrives at an one-dimensional or an exactly 
solvable model. 

The simplest non-trivial models to which this method is easily applied are 
of course two-dimensional models because in this case the numerator

denominator problems have finite (or exactly solvable) transfer matrices. The 
calculation of three·dimensional models is more difficult because one obtains 
two-dimensional effective problems for which there are not exact results. 
Therefore one has to apply again the whole approximate procedure. In spite 
of this difficulty we hope that reliable results can be derived also in three 
dimensions. 

The motivation for such an approach emerges from general arguments used 
in real-space renormalization theory~, na mely that the fixed point values of 
the coupling constants in the (22) or similar expansions are strongly decreas· 
ing functions of the interaction range and of the number of spins in the 
associated spin product'1. 

Noting that the leading terms of exact (high and low temperature) expan· 
sions are related to the effect of short range correlations on the "ground 
state" of the system it seems natural that the proposed construction of the 
trial functions leads to an exact fit of the first few terms of exact expansions 
at high and low temperature. We prove this conjecture for the 2D Ising model 
in the next section. The approximate free energy is an upper bound of the 
exact free energy. 

Below the critical point Tc the largest eigenvalue of the transfer matrix is 
degenerate and the corresponding eigenvectors are in general a linear com
bination of a vector with ground state symmetry and a vector with order 
parameter symmetry. Therefore we add to the expansion (22) also terms with 
order parameter symmetry, for example. in the ferromagnetic case odd. 
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translational invariant terms: 

As long as the largest eigenvalue is non-degenerate the odd variational 
parameters are restricted to zero values but if '\'0 = A OP they start working and 
are highly increasing the accuracy of the free energy in the low temperature 
region. Note that the form (26) of the trial function allows us to use (21), (II) 
for the direct calculation of the order parameter and of the critical point. 

Now let us clarify the physical picture which can be attributed to our 
method. One has to recognize first that the truncated form of (26) can 
represent exactly the 11./10) of an (infinite long) strip of two, three, etc., spins 
with periodic boundary conditions. Secondly. let us remember the idea of the 
Bethe-Peierls approximation, namely that one solves a finite (generally small) 
cluster exactly and one puts it in the mean field of the remaining spins. 

We can think of our method as solving exactly a strip of finite width and 
then putting it in the mean field of remaining spins. Note that our "cluster" 
contains an infinite number of spins. Moreover, the effective interaction with 
outer spins does not consist only of introducing a mean field like parameter 
Ao. but also renormalises all intralayer interactions in the strip. Note that our 
method gives exact results in one-dimension. contrary to mean field theories. 

For the above reasons we expect to obtain results much better than usual 
Bethe-Peierls approximations. The price we pay is that the symmetry of the 
original lattice is not preserved. In fact the most troublesome feature of the 
truncating approximation used for the construction of trial functions is that it 
is violating the symmetry property of the correlation functions. at least at 
large distances. This is especially clear near the critical point. where the 
correlation length e in the direction perpendicular to the layers diverges. but 
the correlation length in the direction parallel to the layers cannot diverge, 
because the corresponding numerator transfer matrix T'Ia) in (21) is finite. 

This fact explains why our approach does not give accurate results for the 
critical indices. which are in fact mean field results . 

5. Test of the method on the two-dimensional Ising model 

In this section results are obtained for the Ising model with nearest 
neighbour interaction on a square lattice. where 

h(/L,/L ' ) = K L s's, + (K/2) (L S,S, +I + L S ;S,'+ I ). 
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They are compared with exact results ' .2I.J I). The simplest approximation IS 

presented in detail to show how the general formalism works. 
The simplest trial function is: 

</IT, ~ ex p ( A, L SiSi+') 

and the corresponding Rayleigh ratio looks like 

A" = ~(,.) kIt") exp{(K/2 + A ,)(I SjSi+ 1 + k S ;'5; ~d + K l: S,S:) 

I k (ll) exp{2A I k S,S'+I } 

The denominator problem is a simple one-dimensional problem with 

Ah" ~ (2 cosh 2A,)N,. 

(27) 

(28) 

(29a) 

while the numerator partition function is obtained from the largest eigenvalue 
of a 4 x 4 matrix. However, taking into account the symmetries of the 
problem in the spirit of seclion 3 one knows that the largest eigenvalue 
belongs to the 2 x 2 block symmetric under total spin inversion and the 
change of spins 1<='2. 1 '~2' (see fig. la). The result is 

Ah" ~ {2 cosh K cosh' L(I + VL + [(I - vd' + 4vLvKJ'n)}N,. 

where L = K/2 + A h VL = tanh2 L, VK = tanh 2 K. 

(29b) 

In general A AI = Kbn)/Abd
) is maximized by a computer. The numerator and 

denominator layer-Hamiltonians are (see also fig. t): 

hi"~ ~ Ks,s, + L(s,s, + s,s2j (30a) 

and 

(30b) 

a) 

... L .... L <. , <. L .. • • , • 
1 1 

~/2." L Ii .... /2 , , • • • , , 
K : K: K: K : • K • 

• • • • • • I • • • . , • • '. l .... l " l .... L ... 
KIZ: : K/2 L- Kfl+". , 

L 
, 

.0 12 .j( k "',,/2 

2 l' 

b) 

ZA, Z.oA., 211, .. • or 

Fig. 1. a) The numerator two-row problem and its transfer operator kernel in first approximation: 
b) the denominator one-row problem and the denominator transfer matrix kernel. 
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Now let us show that the trial function (27) becomes exact at high 
temperatures. First let us suppose that A I is small if K is small. In first order 
the high temperature expansions for «S,S;». and «S, S;», are: 

«S,S;». - tanh L - L = K/2 + A .. 

«S,S;»d - tanh 2A, - 2A, 

and according to (25) the A, value maximizing (28) is 

A, = K/2 , 

which is really small. The internal energy per spm can be expressed as [see 
eq. (10)]: 

u(K) = 2«S,S;». - 2K 

and then the free energy per spin is in first order 

K 

I(K) = J u(K) dK - K' + In 2, 
o 

as it should be. Since the free energy contains only even powers of K 
[/(K) = 1(- K)] the next order correction to A, is at least of third order in K 
and the next coupling constant in the (22) expansion Az is also at least of third 

order. Similar arguments can be presented at low temperatures and can be 
generalised also for continuous spin models 16). 

Therefore we expect that the trial functions constructed as shown in the 

previous section are exact at high and low temperature even in morc sophis
ticated models. 

As mentioned earlier the low temperature results are highly improved if 
instead of (27) one uses the 

(31 ) 

trial function , which we call first approximation. 

We have constructed a computer program to calculate the Rayleigh ratio , 
its gradient vector and the first derivatives of the free energy per spin. At 
given K and given argument vector (input values) the largest eigenvalues and 
the corresponding (right-side and left-side) eigenvectors of the numerator and 

denominator problems are calculated. The gradient vector components are 
expressed through (9) and (25). A library routine is used to find the maximum 
of AlA). Therefore we obtain the free energy per spin and its first derivates for 
the given K coupling constant. All other thermodynamic functions are 
obtained by numerical derivation . 
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In the second approximation we used a trial function with the four free 
parameters Ao. Alo AI2 and AI: 

The numerator and denominator layer-Hamiltonians are (see figs. 2a and 2b): 

h(n) = K(sls) + S2S.) + L(sls} + S2S; + 53S. + S4S]) 

and 

+ A 2(s.s; + S2$2 + $)5) + 5,,$4) + Ao(si + 5 2 + 5 3 + 5.) 

hid) = 2Ao(sl + 50 + 2A12(s.S2Si + s2sisD 

+ 2A 1(s\S2 + S2Sl) + 2Artslsi + S2Si) . 

respectively. 

(33a) 

(33b) 

Note that the (33a-b) layer-Hamiltonians cannot be put in a symmetric form 
and one has to use eqs. (SHI2) according to (4b). 

5.1. Discussion of numerical results 

In fig. 3 the percentage errors of the first (dots) and second (crosses) 
approximations are presented. Even in the first approximation the free energy 
per spin is within 0.3% of the exact result (!), a result comparable with the 
lower bound renormalization group calculation of Kadanoff et al. 22

). In second 
approximation the accuracy is further improved to 0.1% and at the same time 
the critical point is moved from K~I) = 0.413 in first to K~2) = 0.422 in second 

.. ---, , , , , , , 

1 2 
d, 

3 , 

b . 

, . ' , , , 
, 

l' 

3 

, 

Z' 

\' 

- K/Z ·A, 
=K 
---- AL 
® Ao 
~ Au. 

2A, 
--- 2A, 
® 2Ao 
~ 2A,z 

Fig. 2. The construction of the numerator (a) and denominator (b) transfer matrices in second 
approximation. 
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Fig. 3. Percentage errors of the free energy per spin in the first (dots) and second (crosses) 
approximations, 11/11 = <rUC!_ rpp,)If"~KI. 
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., 
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. , 
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+ I!/ 
If · v~ \ . 
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Fig. 4. Percentage errors and the internal energy per spin calculated in first (dots) and second 
(crosses) approximation . The solid lines are drawn only as aids to the eye . 
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approximation as compared with K~JOac, = ~ 10(\/2 + I) = 0.4407. K~an field = 

0.25, K~the = 0.346. Note that the critical points are very accurate even as 
compared with RG calculations (see for example ref. 23)). The high tem
perature region is clearly highly improved in the second approximation. 
Probably a third order approximation (with 8 variational parameters) would 
lead to an extremely accurate free energy. However, such a calculation is 
expensive enough to surpass our computer facilities. 

It is known from quantum mechanics that very good results can be obtained 
for the ground state energy even using a poor trial function. It is just the 
inaccuracy of the trial function (31) which causes the relatively large error 
(5-7%) of the internal energyt af/ aK as presented in fig. 4. In fig. 5 first (dots) 
and second approximation (crosses) results arc compared with the exact 
specific heat K'(a'JlaK'). Since we expect that the free energy is more 
accurate in the low temperature region (the order parameter variational 
parameters are also working), it is not surprising to observe that the symmetry 
around T, of the specific heat singularity is not preserved (the same effect is 
observed in the case of the susceptibility). The form of the specific heat is 
reminiscent of a higher Bethe approximation form 24

). 

, 
1 O. 

K aK1 

1.0 

1.5 

1.0 

oS 

Fig. 5. The specific heat K 2(jJ2/liJK l) vs K in first (dots) and second (crosses) approximation 
compared with the exact result I) (solid line). 

t Note that Kadanoff et al.u ) had obtained an error of 4% for the internal energy. 
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The spontaneous magnetisation is shown in fig. 6 where we have plotted m8 

as a function of K. Except for a relatively small region in the vicinity of Tc 
our results agree very well with the exact solution 21

). However, the critical 
exponent {3 is about 0.4 and is closer to the mean field ({3 = 0.5) than to the 
exact value 0.125. Note that the second approximation is not improving the 
exponent at all. 

The reduced susceptibility (a'!1 ah ') was evaluated in first approximation at 
h = 10-' and is shown in fig. 7. A linear fit to points above T, (dots) on the 
log-log plot gets y = 1.24 while below T, one obtains y ' = 1.8. It is not clear 
why the latter result is so close to the exact y = y' = 1.75 resuit"). 

It is interesting to observe the behaviour of the maximizing value of the 
variational parameters. For example the parameter A 1 of the (27) ap
proximation is represented by the solid line continued by the dashed line in 
fig. 8. The maximizing values of the first approximation parameters Ao and A I 
are plotted by the dot-<lashed and by the solid line, respectively. It is clear 
that the AI variational parameter is not analytic near To its first derivative in 
K has a jump. This jump is reduced in the second approximation, but is 

m8 

o.\~ l 
I 
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:1 0.2 ~ 

0.1 .... 

r J-, .. y, J 

mB 0.\ K1.1!(1tl , , K, 0.5 K 

1.0 r-

O't 
06 

o.~ ~ 

0.2 

0.\ 0.' 0.' K 

Fig. 6. m l vs K plot. The dots are first order, the crosses second approximation results compared 
with the exact Yang's21) result (solid line) . 
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Fig. 7. The zero-field reduced susceptibility i "'" iJ 2fl ah ~ in first approximation . 
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Fig. 8. Maximizing values of variational parameter A I In the (27) approximation (solid line 
continued by the dashed line) and of variational parameters Ao and A I in first approximation 
(dot.dashed and solid line, respectively). 
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characteristic for any ground state variational parameters. Note also that the 
free energy goes abruptly to its low temperature form in the (27) ap
proximation if A I increases above 0.5-0.7. It can be seen directly from the 
eqs. (29) that in that case A., equals exp N,K independently of A,. The fact 
that the choice (31) is much better is expressed also by the fact that in this 
case AI does not have to grow so much to ensure the correct low temperature 
behaviour. The study of the maximizing values of the variational parameters 
is very useful also to convince ourselves that the expansion (22) is con
vergent, that is A2 <t A I. and A 12 <t Ao in the second approximation. It turns 
out that Ao and A, are greater at least by a 5 factor than A" and A" 
respectively, even at Te. where one has the worst situation. 

We conclude with a few remarks. 
The violation of the isotropy of the order parameter correlation length 

introduces effectively two characteristic lengths, contrary to what happens in 
reality. Although the construction of the trial functions ensures the correct 
behaviour at high and low temperatures they cannot describe well situations 
when the true correlation length is much larger than the interaction range of 
the coupling constants taken into account by the trial functions. By a 
systematic improvement of the trial functions one can obtain excellent results 
for thermodynamics nearer and nearer to the critical point but close enough to 
Te the asymptotic be.haviour cross over to a mean field like behaviour. 

In order to obtain accurate critical exponents the trial function must have a 
correct behaviour also near Te. A first step in this direction has been recently 
done by Drell et al. "') and by Fernandez-Pacheco"). 

6. Two-dimensional Ising model in an external field 

In this section the two-dimensional Ising ferro- and antiferromagnet in an 
external field is studied applying our variational method. The model Hamil
tonian is: 

H = - } ~ S,Sj - I'-B L s, - I'-B, [~S. -~ S.], (34) 

where J,L = gJ,LB is the magnetic momentum of a spin, B is the external field 
and Bs the staggered field. ( ij) means a sum over nearest neighbour spin pairs 
while (A) and (B) denote the sums over the two sublattices. When} > 0 the 
coupling is ferromagnetic while i < 0 corresponds to the antiferromagnetic 
case, well represented by materials as CoCs3Br~h Rb2CoF ... K 2CoF .. '(3). 

From a theoretical point of view it is more natural to consider K = ilkB T. 
h = I'-B/k. T and h, = I'-BJk. T as independent variables instead of the usual 
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II K: T = hi K: T, = hJ K choice. Although the latter corresponds to an easily 
realisable experimentaJ situation it is worth mentioning that the character of 
the thermodynamic functions in the two representations is almost the same. 
In our program we are able to calculate directly the free energy per spin (7), 
the internal energy per spin (10), the magnetisation (II) and the sublattice 
magnetisation per spin, respectively : 

(35) 

expressed through the desired independent variables. Therefore the specific 
heat is calculated as 

( 
a' f) C8 (K, T)lk . N ,N , = K ' aK' " 

_ , a'f , a' f a'f 
C. (K, h)lk . N ,N , - K aK' + h ah' + 2Kh aKah' (36) 

while the susceptibility and the sublattice susce ptibility are simply 

_ ( a'f) I (a ' f) k.T X = ~ = F71 -::;--! = 2 X. 
ah K.'. K aT K.,. !L N,N, 

(37a) 

_ ( a2f ) I (a ' f) k.T 
X s;;;;;;: ~ =""'Vl ~ = 2 X"~ iJh s K" K aTs K ~ J.L N.N2 . . (37b) 

6.1. The ferromagnet 

In the ferromagnetic case (K > 0) the staggered field is chosen to be zero. It 
is well known that the Ising ferromagnet in an external field does not show 
any phase transition. This fact is also obvious from our results. The numerical 
results were mainly obtained by using the first approximation (31)- Generally, 
the calculation of a point in the (K, T) plane is about 10-s in a CDC 3300 
computer, but the same procedure takes about 3-4 min in second ap
proximation, due to the increased number of variational parameters and to the 
increased dimension of numerator and denominator matrices_ So. we have 
used the second approximation only for the calculation of a few points to 
check the first approximation results_ For example the critical exponent 

defined as 

was obtained from data calculated in second approximation_ Our result is 

~ = 6.1 (~ .. ~' = IS, ~MF = 3). 

(38) 
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Fig. 9. The reduced free energy per spin f(K. h) - /(0. 0) vs K (or h ,. 0; 0.01 : 0.03; 0.05 and 0.07 
(in first approximation). 

In fig. 9 we show the free energy for h = 0, 1,3,5,7 X 10-', respectively. The 
first derivates of the free energy with respect to K and h (the latter one being 
just the magnetisation per spin) are drawn for the same h points on figs. to 
and II. The results for the susceptibility are shown in fig. 12. Perhaps the 
most interesting quantity is the specific heat because a lot of exact results are 
known. U sing the famous theorem of Lee and Yang on the zeros of the 
partition function Abe") has shown that the specific heat depends logarith
mically on the (small) field at the critical point K , (h = 0), a result reconfirmed 
recently by AronowitzJ6

) using a perturbative approach: 

(39) 

Our first approximation leads to 

a = 0.339, b = 0.0114, (4Oa) 

and the second approximation to: 

a = 0.7079, b = 0.3360. (40b) 

Although the constants a and b of (39) are not reproduced accurately, the 
fit to the logarithmic behaviour is remarkably good. 
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Fig. to. 2«s,s",»~", 'IS K for the same h values as in fig. 9. 
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Fig. II. The magnetisation m = alliJh 'IS K for fixed h ;;; 0; 10 1; 3 x 10 2; 5 x IO 2; 7 x 10 1 in first 
approximation. 
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Fig. 12. The reduced susceptibility X = a2[ fah2 vs K for h ::: 2 x 10- 2
; 3 x 10- 2

; 4 x 10- 2
; 5 x 10- 2

; 

6 x 10-2, in first approximation. 
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Fig. 13. The reduced specific heat K 2(a 2jfaK2) + h2(jJ2/l ahl ) + 2Kh(a1flaKiJh) vs K for h = 0, 
10 2; 3 x 10 2; 5 x 10 2; 7 X 10-2 in firs t approximation. 
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6.2. The anti/e"omagnet 

The situation is more interesting in the antiferromagnetic case . A phase 
transition occurs at a TN(h) temperature due to the competition between the 
energy of the external field (favouring a ferromagnetic arrangement) and the 
nearest neighbour coupling energy (favouring an antiferromagnetic phase). 
The global symmetry of the (34) Hamiltonian is in this case • total spin 
inversion and the interchange of the A .nd B subl.ttices (h . = 0). In spite of 
this little difference in the nature of broken symmetry it is generally accepted 
that the Ising antiferromagnet belongs to the same universality class as the 
Ising ferromagnet. Now the order parameter is the sublattice magnetisation 
and the trial functions have to be constructed accordingly . In first ap
proximation the trial function has three variational parameters: 

"'~~ = exp{a. ~ Si + f3. ~ s, + A, L SiS,,,}, 
l E A :t1J 

while in second approximation we have seven free parameters: 

"'~~ = exp{ao L Sj + Po "S" S j + A I L SjS;"' 1 + a n L 5 ,5;+1 5,+2 
IEA.'tIt iEA 

+ (31 2 "S" SjSi+I Sj+2+ a 2 L SiS j+-2 + (32 '> S;Si+2 } ' ,'ti rEA ,'t1I 

(41 ) 

(42) 

The numerator and denominator Hamiltonians are trivially constructed as in 
the ferromagnetic case. Let us remark that in first approximation one has to 
define the numerator and denominator transfer matrices as the T (n) = 

T,(p., p.')T;(p.', p. ") .nd T'd' = T,(p., p.')T; (p. ' , p. ") produces, respectively, in 
order to ensure the translation symmetry of the sublattices. The correlation 
function matrices (9) must be also redefined accordingly. In second order 
approximation this problem is avoided by the fact that the numerator and 
denominator transfer-matrix layers are satisfying automatically the translation 
in variance of sublattices. 

The only known exact solution for an antiferromagnet is the two-dimensional 
" super-exchange" antiferromagnet28

), a model in which non-magnetic spins are 
introducing an effective antiferromagnetic coupling between the basic Ising 
spins . This fact allows to use Onsager's solution') for the calculation of the free 
energy , internal energy, specific heat , magnetisation and susceptibility of the 
super-exchange ferromagnet. Where possible we will compare our results to 
Fisher's exact sOlution28

). 

6.2.1. The phase diagram and the Janice- gas phase boundary 
Recently Muller-Hartmann and Zittartz'o) have used an ingenious method 

for the calculation of the interface energy of a two-dimensional Ising antifer-
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romagnet. Taking into account only a special class of interface spin configura
tions they obtained a result which seems to be exact in spite of its unclarified 
foundation. According to Fisher's argument''') , proved latter by Watson~, the 
interface energy goes to zero at T N(B) as the inverse of < above T N. The result'') 
confirms Griffiths' smoothness postulate~ slating that only the location and the 

amplitude but not the exponent of the singularities of various thermodynamical 

functions depend on the value of the external field . From the interface energy 

function one can obtain the phase diagram KN(h)''): 

(43) 

where 

KN(O) and hN are values obtained within a given approximation. In fig. 14 we 
plotted the critical curve of MOiler-Hartmann and Zittartz. The points 
represent results obtained in the first approximation and the crosses results of 
the second approximation. The agreement is surprisingly good. Note that the 
result (43) is in very good agreement with the series results of Rapaport and 
Oomb") who used longer series for the staggered susceptibility at zero and 
finite field values than in the original treatment of BienenstockJJ·) and 
Bienenstock and LewisJJb). This form of phase diagram is also consistent with 
Fisher's result"'). 

1.0 

0.5 

h 
2o<K 

0.5 10 

J< .. {o) 
K.(B) 

Fig. 14. The phase diagram obtained in first (dots) and second (crosses) approximation compared 
with the result (43) (solid line). The dashed line corresponds to the h "" I plane. while the 
dot-dashed lines to the T""' t . 2. 3. 4. planes in first approximation fa - In(t + V2)1 Ki'/(O) - 2.134J. 
The curves representing the intersection of these planes with different thermodynamic functions 
are presented below. 
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The lattice-gas concentration n(Te} on the critical curve is obtained from 

(T) =!(I+of(K.h») "t c 2 ah (44) 

and is shown in fig. 15. Recently Subbaswamy and Mahan have calculated the 
lattice-gas phase boundary of the same model using a real space renOf
malization tcansformationll

) . OUf results. however, are closer to the high 
temperature series resultsJ3b

) and to the mean field results of Sato and 
Kikuchi"). 

6.2.2. The free energy, the «S,S,+ I» correlation fun ction alld the specific heat 
The maximizing values of the first order approximation parameters (44) are 

shown in a typical case in fig. 16. We present typical free energy results in the 
usual (K, T) variables in fig. 17. 

The - 2«s;s,+,» is plotted at fixed T in fig . 18. A comparison of 
these forms with the internal energy in the B = 0 case shows that the «s,so+'» 
correlation has a very similar form near the phase transition . At B = 0 its 
form agrees completely with the ferromagnetic form apart from the negative 
sign. Our results are in complete agreement with Fisher's results :!ll), apart 
from the mentioned crossover of our approximation to mean field in the 
immediate vicinity of TN. 

The specific heat plots are drawn in fig. 19. As expected, the amplitude of 
the specific heat singularity is decreasing with increasing IKI and the specific 
heat has no more a singular behaviour if B > Be. This picture is also in 
agreement with Fisher's results. 

neT, 
0.7 ~ 

• , 

O.S 1.0 

Fig. 15. The laltice-gas phase boundary obtained 10 fir st (do ts) and 10 second (crosses) ap
proximation. 
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Fig. 16. Maximizing values of the variational parameters of the first approximation (41) vs - K at 
h = I. 
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Fig. 17. The antiferromagnetic reduced free energy per spin f(K. 7) - In 2 vs - K for T = O. 1. 2. 3, 
4.1. 

6.2.3. The sublattice magnelisation and the staggered susceptibility 
The spontaneous values of the sublattice magnetisation (fig. 20) at fixed values 

of hand 'T are used for the location of the critical points. The similarity to the 
spontaneous magnetisation in the ferromagnetic case is evident. We have also 
calculated the zero staggered field sublattice reduced susceptibilities (fig. 21). 
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Fig. 19. The specific heal CB(K, T) vs - K for T = D. 1. 2. 3. 4. 5. 

6.2.4. The magnetisation and the susceptibility 
Perhaps one of the most interesting questions is the behaviour of the 

magnetisation and of the susceptibility. As long as the external field is smaller 
that the critical value the magnetisation is reduced to zero at low temperature 
by the growing antiferromagnetic order. This is clearly shown by our plots, 
fig. 22. AI the transition point the susceptibility is singular (at finite external 
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Fig. 20. The spontaneous sublattice magnetisation (II K)( aflih.) •.• o vs - K for T = O. 1,2.3. 
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Fig. 21. The zero ~taggered field !.ublattice reduced susceptibility Kx,( K. T, T, = 0) v\ - K ror 

T = 0, 1,2.3. 
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Fig. 22. The magnetisation m(K. T) vs - K for T = 1,2,3, 4,5. 
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Fig. 23 . The susceptibility KX(K, T ) vs - K for T = 0, 1, 2, 3. 

fields) as shown by fig. 23. but this seems to be a quite weak singularity. with 
a growing amplitude at higher fields. In fact in the super·exchange antifer
romagnetic Fisher was able to show") that at small fields the suceptibility 
behaves as 

x = a - (b + C7
2

) InlT - T,(B = 0)1 (45) 

(a, b, c are constants) and then at zero field it is proportional to the internal 
energy. OUf result is to poor for such a comparison. In the susceptibility plots 
we have connected every calculated point by lines obtaining the curves of fig. 

• 
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23. We cannot decide if the peaks appearing in the susceptibility below the 
critical temperature are due to the numerical inaccuracy or have a deeper 
physical significance. Although we cannot propose a physical picture for such 
a behaviour it will be interesting to check if this behaviour persists also in 
higher approximations. An other curious feature of the susceptibility plots is 
that the leading peak has its maximal values at temperature slightly lower than 
T N(T). see the plot of Kj( for T = 3 in fig. 23!. 

7. Application to quantum systems 

The main analogy used in the variational approach presented in this paper 
was the remarkable connection between (mostly exactly solvable) two
dimensional classical models and one-dimensional quantum Hamiltonians of 
interacting i spins5

). It is worth mentioning that the variational method can be 
applied not only to the analogue of a quantum problem but of course to the 
quantum system itself. The general formalism of section 4 can be used step by 
step in order to obtain the ground state properties (at T = 0) of quantum 
systems. 

We restrict ourselves to the one-dimensional Ising chain in a transverse 
field at T = O. It is generally accepted that this model belongs to the same 
universality class as the two-dimensional classical Ising modell7

) in spite of 
the fact that the latter's transfer matrix does not commute with the one
dimensional Hamiltonian. SuzukiJl

) has proved the equivalence between the 
two-dimensional Ising model and the ground state properties of a one
dimensional quantal anisotropic X - Y chain in a transverse field. A renor
malisation group calculation"'} shows that the critical line of the anisotropic 
X - Y model goes always to the Ising fixed point, which explains the similar 
critical behaviour of these models. 

Let us write the Hamiltonian of the one-dimensional Ising chain in a 
transverse field as""}: 

where u~ and u l are the Pauli matrices. 
The trial function will be expressed on the orthogonal basis consisting of 

the direct products of the eigenvectors of u l
: 

The Hamiltonian (46) has the same global symmetry as the two-dimensional 
Ising model. Using the fact that the ground state eigenvector is nodeless the 
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expansion (22) applies as: 

10/1,) = exp{f '5' c.,., ..• .u~,<T~, ... <T ~. } 10) = e~IO). 
,-o~ 

where 10) is defined as 

The ground state energy can be expressed in the following form : 

E _ (01 e~H e~ IO) _ (01 e2~H ,10) (01 e2~BtO) 
,- (01 e'~IO) - (01 e'&IO) + (01 e'&IO) 

= « H,(s,») + « B(s,»). 

409 

(47) 

(48) 

where H , is the part of H commuting with <P and B = e -~(H - H,)e~. « » 
denotes a statistical mechanical average with the e24>jO) = e2

4>(.1/) "Boltzmann

factor" and the argument s, is explicitly written to indicate a function of the 
s, = ± I classical variables (i = I •.... N). 

For example using the first approximation trial function (31) 

one obtains 

~ e Ao I Sr+-AI I sP/+I [EU j _ ilSjSi+d eAo! IJ+-"1 I SfJo1 

Eo::;;; E,A} = ~''-'!l' ----------------

= N<((exp - [2A,s. + 2A ,s. _,s. + 2A ,s.s •• ,]» - NIJ. «s.s •• ,». 
(49) 

where the effect of u j is to flop Sj to - Sj and the averages are independent of 
a (translational invariance). One easily recognizes that the calculation of E/A ! 

is in fact reduced to the calculation of the «s.». «s.s •• ,». «s.s •. ,» and 
«5 ... S ... +1 5(1'+2.» correlations functions in a one-dimensional classical Ising chain 
with nearest-neighbour interaction in an external field . The evaluation of these 
correlation functions can be done using the transfer matrix formalism of 
section 2. 

In higher order approximations one will have longer even and odd inter
actions in the one-dimensional classical Hamiltonian and one must calculate 
aU correlation functions until including spin products longer by one spin than 
the longest interaction term of the Hamiltonian. Note that the exact cal
culation of (48) E, requires in fact the calculation of all possible correlation 
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functions In a one-dimensional classical Ising chain with all possible inter
actions. 

From a computational point of view the treatment of the quantum problem 
is more favourable than of the corresponding classical problem because the 
dimension of the matrix to be diagonalised is highly decreased. 

Quite recently Fazekas and Kover24
) have independently worked out a quite 

similar approach. Although they have evaluated the Rayleigh-ratio (48) in a 
different way their results are in perfect agreement with OUf formula (50). 

After completing the manuscript we have received a preprint by Pearson 2.'l) 
who emphasized the relation of this method with the Jastrow wave functions . 

8. Conclusions 

In this paper we have presented a simple variational method which can be 
applied to the transfer operator of classical systems or to equivalent quantum 
systems. The ground state trial functions are constructed in a way which 
takes into account all important symmetries of the problem. It will be useful 
to eventually incorporate the effect of more sophisticated symmetries , as the 
dual transformation 12

•
27

). 

We used a truncating approximation in the exact exponentiated form of the 
ground state eigenvector taking into account only the short range part of the 
effective interaction between the spins lying on a transfer matrix layer. The 
systematic improvement of the trial function (depending mainly on computer 
facilities) leads to excellent results for thermodynamics (ground state proper
ties at T = 0) except the immediate vicinity of the critical point, where the 
asymptotics changes to a mean field behaviour. However, be/ore the cross
over to the mean field region the thermodynamic functions (see figs. 5 and 6 

for the specific heat and the magnetisation. respectively) represents quite well 
the behaviour of the true functions in the critical region. Therefore it seems 
possible to work out a consistent method for extracting better results for the 
critical indices. 

An advantage of our formulation is the principal role played by the 
symmetry properties of the system. This gives us the possibility to follow the 
behaviour of the leading values of different symmetry blocks, at least to 
decide if they cross the ground state eigenvalue or not. The method can be 
applied also to models with continuous symmetryl6) and to three-dimensional 
models. 

We hope to have proved that this old fashion variational approach is a 
competitive method even in the age of renormalization group calculations· l

). 

Except a narrow region around Tc it leads to very accurate thermodynamic 
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functions in spite of its simplicity. Finally let me remark that it was amusing 
to recognize that all important information used in this paper was well known 
before my birth. 
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